The Euler ^-function, 0(m), denotes the number of positive integers not greater than m which are relatively prime to m.
4>(tn)
=
THEOREM 3. If w is the product of the distinct prime f actors common to m and n, then <t>{mn) = w-<j>{m) -<j>(n)/<j>(w).
THEOREM 4. If a\b, then 0(a) 10(e). such that g = l (mod p) unless £ = 3, a = 2, 6 = 1. Then by Theorem 5, p\<t>(a p +b p ), and in the exceptional case, 3|</>(2 3 + l 3 ). Thus the theorem holds for a = l, starting the induction, so we assume it for all positive integers less than a. We adopt the notation C=AB, where = 0 (mod r). If r| a, then r|&, contrary to (a, 6) = 1, so r=£. Then by Theorem 3, 0(C) = #-0O4).0CB)/(*-1), so we have thatp.p*(a-i)-i.£«|0(C). Butsince a>l, 3a-2>2a-l, so^2 a~1 |0(C). If (A,B) = 1, then0(C) =0 (4) -0(5), and ^(«-D-I.£«|0(C). Again, since a>1, 3a-3è2a-l, and j^2"-1 ! 0(C The proof of this theorem parallels that of Theorem 6.
THEOREM 9.1fa>b, and m is the product of the distinct prime factors of n, then (n 2 /m)\(/>(a n -b n ).
Then by Theorem 8, rf*'~1|0(a w -ft n ), and the theorem follows immediately. THEOREM 10. If a^b, then n\(/>(a n +b n ).
This proof parallels that of Theorem 9.
Theorems 9 and 10 can be combined in various ways, for example, we have this theorem :
